Introduction
In group theory one of the most outstanding results is a classical theorem due to Schur [10] , which establishes a connection between the central factor-group G/ζ(G) of an arbitrary group G and the derived subgroup [G G] of G.
As a consequence, one has that if G/ζ(G) is finite then [G G] is finite. This form of Schur's theorem has been the source of many investigations that studied the relationship between G/ζ(G) and [G G]. Summing up, we may gather those questions in the form: For what classes of groups X, the membership G/ζ(G) ∈ X always implies [G G] ∈ X?
A class of groups X satisfying the above property is called a Schur class. Actually Schur's theorem implies that the class F of finite groups is a Schur class. From this fact it is not hard to deduce that the class of all locally finite groups is a Schur class too. On the other hand, we mention that the class of all periodic groups is not a Schur class. Indeed, Adian [1] has constructed an example of a torsion-free group G such that G/ζ(G) is a periodic finitely generated -group, where is a prime.
Other nearby examples of Schur classes are the following:
• The class P of all polycyclic-by-finite groups (this is rather easy to obtain).
• The class C of all Chernikov groups (Polovitskij was the first to prove this; see [6, Theorem 3.9] for example).
• The class of soluble-by-finite minimax groups [5] .
Other examples of Schur classes can be found in [3] .
In a recent paper [7] , the following remarkable result was proved: If G is a locally generalized radical group and G/ζ(G) has finite special rank , then there exists a function κ such that [G G] has finite special rank at most κ( ). We recall that a group G is said to have finite special rank if every finitely generated subgroup of G can be generated by at most elements and there exists a finitely generated subgroup K which has exactly generators. It is worth mentioning that the class of groups having finite special rank is not a Schur class, as a specific counterexample constructed in the paper [7] shows.
If K is a finite group having special rank , by [8, Theorem 4.2.3] , the Schur multiplier M(K ) of K has special rank at most ( − 1) 2
where (α) denotes the smallest integer not less than the real number α. Suppose that G is a finite group such that In view of Schur's theorem it is a natural question the study of the relationship between the orders |G/ζ(G)| and
Concerning this question, Wiegold [11] proved that there exists a function ( ) such that
Here and elsewhere ( ) = , where = (log − 1)/2 and is the least prime dividing . Later on, Wiegold proved that this bound is attained if and only if = , where is a prime [12] . When is divisible for more than one prime the above bound can be improved, though the picture is less clear.
On the other hand, Baer [2] has considered a generalization of Schur's theorem in another direction. Actually he was able to prove the following result: If the -th term ζ (G) of the upper central series of a group G has finite index, then the ( + 1)-th term γ +1 (G) of the lower central series of G is finite.
We recall that the upper central series of a group G is the series
where
for every ordinal α, ζ λ (G) = µ<λ ζ µ (G) for every limit ordinal λ, and ζ (G/ζ γ (G)) = 1 . The term ζ α (G) is said to be the α th -hypercenter of G, and the last term ζ γ (G) of this series is said to be the upper hypercenter of G. The ordinal γ is said to be the central length of G and is denoted by zl(G). On the other hand, the lower central series of a group G is the series
where The first main result of this paper gives a positive answer on this question. We focus our results in a wide class of infinite groups. A group G is said to be generalized radical if it has an ascending series whose factors are either locally nilpotent groups or locally finite groups. Thus we note that the class of locally generalized radical groups is very wide since it contains the class of locally finite groups and the class of locally soluble groups.
Theorem A.
Let G be a locally generalized radical group and Z be the upper hypercenter of G. Suppose that zl(G) = is finite and G/Z has finite special rank . Then γ +1 (G) has finite special rank and there exists a function τ
For G a finite group, the above assertion was obtained by Makarenko [9] .
We note that if γ +1 (G) is finite then the lower hypocenter of G is finite. Moreover, in this case the lower hypocenter of G coincides with the nilpotent residual of G.
If X is a class of groups, by definition, the X-residual G X of a group G is the intersection of all normal subgroups N of G such that G/N ∈ X. In general, G/G X ∈ X need not happen. For example, let G be the polycyclic-by-finite group defined as the semidirect product of a free abelian group of rank two A = 1 × 2 by a cyclic group of order three that acts on A as 1 = 2 and 2 =
Then G/A is a finite 3-group (hence nilpotent) for every ≥ 1. Since ≥1 A = 1 , the nilpotent residual of G is trivial. However G is not nilpotent.
In this investigation, whether or not G/G X ∈ X is very important. For example, we noted above that if G/ζ (G) is finite then G/G N is nilpotent (here N stands for the class of nilpotent groups). Unfortunately, if G/ζ (G) is a soluble group of finite special rank and L is the hypercentral residual, G/L need not be hypercentral (see the above example). But if G/ζ (G) is a locally finite group of finite special rank, then the situation is quite different, as our second main result shows.
Theorem B.

Let G be a group, Z be the upper hypercenter of G and L be the hypercentral residual of G. Suppose that zl(G) = is finite and G/Z is a locally finite group of finite special rank . Then the following conditions hold: (i) L is a locally finite group and (L) ≤ τ( ) + ; and
It is worth noting that the bound for the finite special rank of the hypercentral residual not depends of zl(G).
A generalization of Baer's theorem
We first consider a direct generalization of Baer's theorem for the case when G/ζ (G) is a group of finite special rank. We need the following slight generalization of [7, Lemma 2.1] , although the proof is the same.
Lemma 1.1.
Let G be a group and let A be an abelian normal subgroup of G such that
for some elements
Lemma 1.2.
Let G be a group and A be an abelian normal subgroup of G. Suppose that the following conditions are satisfied:
is a group of finite special rank ; and
Proof. Pick ∈ G and define an endomorphism of A by ξ :
A/Ker ξ has finite special rank at most . Moreover the isomorphism
Let L be the local system of G/C G (A) consisting of its finitely generated subgroups. If
Proof of Theorem A. . Let > 1. We assume that we have already found a function 
The factor-group K /D is abelian, in particular, LD/D is also abelian. We have
We mention that in the above theorem we have just defined recursively the function τ 1 ( ) as follows:
Some module-theoretic techniques
The proof of Theorem B will need some module-theoretical concepts and results that we develop in this section. First of all, we need to express the meaning of upper and lower central series in modules analogously to groups, see [6, Chapter 10] .
Let G be a group, R a ring and A an RG-module. Then the set
is an RG-submodule of A called the RG-center of A. Let ωRG be the augmentation ideal of the group ring RG, that is the two-sided ideal generated by all elements of the form − 1, ∈ G. Then ζ RG (A)(ωRG) = {0}.
We construct the upper RG-central series of A, Similarly, the lower RG-central series of A is the series 
(ii) A/C is a simple RG-module; and 
Corollary 2.2.
Let G be a hypercentral group, R be an integral domain and A be an RG-module. Suppose that A has an RG-submodule C satisfying the following conditions:
(ii) A/C is a simple RG-module; and
Then there exists a simple RG-submodule D of A such that A = C ⊕ D.
Lemma 2.3.
Let G be a hypercentral group, R be an integral domain and A be an RG-module. Suppose that A has an RG-submodule C satisfying the following conditions:
(ii) C is a simple RG-module; and
Then there exists an RG-submodule D of A such that A = C ⊕ D.
Proof. As 
+ ( − ), we have that A = C + C A ( ). One more again, C A ( ) is an RG-submodule of A since ∈ ζ(G). Finally C ∩ C A ( ) is an RG-submodule of C , so that either C ∩ C A ( ) = {0} or C ∩ C A ( ) = C . As we have seen above, the latter is impossible and hence A = C ⊕ C A ( ).
Corollary 2.4.
Let G be a hypercentral group, R be an integral domain and A be an RG-module. Suppose that A has an RG-submodule C with the following conditions: (i) A/C ≤ ζ RG (A/C ); and (ii) C has a finite series of RG-submodules whose factors F are RG-simple and satisfy C G (F ) = G.
Then there exists an RG-submodule D of A such that A = C ⊕ D.
We need some additional notation. Let G be a group, R a ring and A an RG-module. If B and C are RG-submodules of A and B ≤ C , then the factor C /B is said to be G-central if G = C G (C /B) ; otherwise C /B is said to be G-eccentric. A is said to be G-hypereccentric if A has an ascending series of RG-submodules We also recall that if A has an RG-composition series, that is a finite series whose factors are RG-simple, the JordanHölder theorem shows that the length of this series is an invariant of A. This invariant will denoted by cl RG (A). 
Corollary 2.5.
Let G be a hypercentral group, R be an integral domain and A be an RG-module. If A has an RG-composition series, then A has the Z -decomposition.
Proof. We proceed by induction on cl RG (A). If cl
Since V /C is G-central, V is the RG-hypercenter of A and A has the Z -decomposition.
Corollary 2.6.
Let G be a hypercentral group, R be an integral domain and A be an RG-module. Suppose that A has an RG-submodule C satisfying the following conditions:
(i) C is RG-nilpotent; and 
Proposition 2.7.
Let G be a hypercentral group, R be an integral domain and A be an RG-module. Suppose that A has an ascending series of RG-submodules
{0} = C 0 ≤ C 1 = C ≤ C 2 ≤ ≤ C ≤ C +1 ≤ ≤ ≥1 C = A such
The rank of the hypercentral residual
This section is entirely devoted to carry out the proof of Theorem B. The next result gives the proof of the second part of this result.
Lemma 3.1. Since the argument given in the above paragraph holds for every prime , the 2ω
Let G be a group and H be a normal subgroup of G such that G/H is hypercentral. Suppose that H is locally finite and has finite special rank . If L is the locally nilpotent residual of G, then G/L is hypercentral.
Proof. Since
The remainder part of the proof of Theorem B will follow from specific results of ZG-modules over hypercentral groups.
Lemma 3.2.
Let G be a group and A be a ZG-module whose additive group is torsion-free. Suppose further that A has a ZGsubmodule C such that the additive group of A/C is periodic. If C is ZG-nilpotent and zl ZG (C ) = , then A is also ZG-nilpotent and zl ZG (A) = .
Proof. Let Proof. Since C is torsion-free, T ∩ C = 0 . Then we have
and so T is a periodic group of finite special rank such that (T ) ≤ (A/C ). Clearly T is a ZG-submodule of A and A/T is torsion-free. Proof. Put P = Tor(C ) so that C /P is torsion-free. By Corollary 3.3, Tor(A/P) = T /P has finite special rank at most and A/T is ZG-nilpotent. Let T be the Sylow -subgroup of T , when is a prime. We have that T contains the ZG-submodule T ∩ C = V is ZG-nilpotent and (T /V ) ≤ . Being a -group of finite special rank, T /V is Chernikov. It follows that T has an ascending series of ZG-submodules 
